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AND HELP DURING THE LAST SUMMER OF HIS LIFE 
WAS A GREAT COMFORT TO ME 
This paper shows there exists a polynomial map, p, of the interval [O, 11 onto 
itself that is concave, symmetric about the point x = f and such that, when 
parameterized (pp), 0 I p I 1, there exist three distinct values of the parameter 
p,, < pi < pLz such that RL,R3C = K&p) # K&p) + K&p) = RLR3C. 
There is also given an explicit construction of a C’ family with the same proper- 
ties. 0 1991 Academic Press, Inc. 
1. INTR~DUCII~N 
It has been known, at least since 1973, with the appearance of the 
remarkable paper of Metropolis, Stein, and Stein [9], that a very large (but 
unspecified) class of mappings of the unit interval onto itself, when param- 
eterized in a particularly simple way, produces identical dynamical behav- 
iors as the parameter is allowed to vary. This class includes the well-known 
logistic map, 4x(1 - XI, the map sin TX, as well as certain piecewise linear 
maps such as the trapezoid maps. The discovery of “universal” topological 
dynamics, that is, topological dynamic behaviors produced by maps inde- 
pendent of their analytic descriptions, was both fruitful and profound. It 
led, for example, in large part, to the now famous seminal papers of 
Feigenbaum [4, 51, as well as to the application of the techniques of 
symbolic dynamics to the study of one-dimensional maps, as found in the 
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works of Guckenheimer [6], Louck and Metropolis [S], Beyer, Mauldin, 
and Stein [l], and Milnor and Thurston [lo]. 
It seems that maps, such as 4x(1 - x) and sin TX, that, when parame- 
terized as p4x(l - X) and ZL sin TX, produce identical topological dy- 
namic behaviors as ZL varies, must have some collection of properties in 
common that cause such common dynamic behavior to occur. For exam- 
ple, Feigenbaum conjectured [4] that the possession of a “quadratic 
maximum,” that is, f”(c) # 0 (where c is the unique turning point of f in 
[0, 11) is sufficient for geometric convergence in the period doubling 
cascade observed in many maps of the interval possessing this property. 
Similarly, Beyer et al. [l] conjectured that the universal dynamic behav- 
ior observed in the Metropolis, Stein, and Stein [9] paper would occur 
provided the map were at least C’ and concave. It is the purpose of this 
paper to give a counterexample to this conjecture. In fact there is a 
polynomial counterexample. 
2. STATEMENT OF THE PROBLEM 
In order to state the problem, we need first to establish some notation 
and definitions: Let Z = [O, 11. 
DEFINITION 1. A continuous map f: Z + Z is called unimodal provided 
(1) f(O) = 0 = f(l) 
(2) there exists a proper subinterval [a, b] of Z (possibly a point), such 
that f assumes its maximum everywhere in [a, b], and f is strictly 
increasing on [0, a] and strictly decreasing on [b, 11. 
Note. This is a nonstandard definition, cf. [3, 6, 101, and is designed to 
expand the family of maps whose dynamics we consider by replacing 
“turning point” [lo] with the possibility of a “turning interval.” For 
example, any trapezoid map is unimodal according to this definition. 
Trapezoid maps were first extensively studied by Louck and Metropolis in 
[8]; they were the first to show that the family of (symmetric) trapezoid 
maps are finitely unique. (See Definition 5 below.) 
DEFINITION 2. For any x E I, Of+(x) = (x,~(x>,~~(x), . . .) is called 
the forward orbit of x under f. 
With Of+(x) we associate a sequence Af(x) = {a,, a,, u2,. . . ] E 
{L, C, RI* by 
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DEFINITION 3. For any x E I, AJx) = {a,, a,, uz, . . .} is called the 
itinerary of x under f, where ak is given by 
a 
forfk(X) <c 
forfk(x)=c 
for fk(x) > c, 
where c is some distinguished point in [a, b]. 
We will be interested in studying the itinerary of f(c) and hence make 
the following 
DEFINITION 4. The itinerary of f(c) is called the kneading sequence of 
f, and is symbolized K( f >. 
Thus Af<f(c>> = K(f). 
Note. A kneading sequence is by convention finite precisely when it 
contains the letter C, terminating with the first C [3]. 
Given a unimodal map f, one can form the one-parameter family {p f: 
0 I ZL I l/f(c)}. It is convenient to normalize the parameter interval by 
scaling f so that f(c) = 1. Then any one-parameter family of unimodal 
maps can be written as (pf: 0 I ZL 5 l}, and Z.L is always the maximal 
value of pf on I. With this convention, AILf(pf(c)) becomes APf(p) = 
K(fJ. 
We will refer to finite kneading sequences as MSS sequences, and note 
that if f is unimodal, then K(fJ is either an MSS sequence, is infinite 
and periodic, or else is infinite and aperiodic. 
For a more general discussion of iterated maps on the interval see [3]. 
DEFINITION 5. We say that a one-parameter family {p f} is finitely 
unique provided that for each MSS sequence P, there exists exactly one /.L 
such that K(f,) = P. Moreover, the family is said to be totally unique if it 
is finitely unique and if for each aperiodic kneading sequence P, there is 
exactly one Z.L such that K(f,J = P. 
An example of a totally unique family is given by Brucks, Misiurewicz, 
and Tresser in [2]. There is no example known to me of a totally unique 
family of differentiable unimodal maps. Milnor and Thurston [lo] have 
shown that the logistic map is finitely unique; their method, however, does 
not seem to generalize (for example, it cannot be applied to sin TX), and 
therefore that general property, or set of properties, that by possessing, 
would cause or ensure a one-parameter family of unimodal maps to be 
finitely unique is yet to be discovered. 
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The problem can now be stated as follows: Are there “reasonable” 
conditions on f such that (pf) is finitely unique? More generally, one 
could ask, do these conditions ensure total uniqueness? For brevity, in the 
sequel I will call this the uniqueness problem. 
As mentioned in the Introduction, Beyer ef al. [l] conjecture that f at 
least C’ and concave is sufficient to solve the uniqueness problem. 
In this paper, the following theorem is established: 
There exists a one-parameter family of unimodal polynomial maps of 
the interval, (up), concave, and symmetric about the point x = i, and 
three distinct parameter values p,, < pi < pcL2, such that K&p) = 
RLR3C f K&p) # K&p) = RLR3C. 
Before continuing, recall two key theorems of the theory. These theo- 
rems are stated and proved in [l]. Theorem A has the weakest hypotheses 
of any intermediate value theorem of which I am aware, cf. [3, 6, lo]. 
THEOREM A (Intermediate value theorem). Let f be a unimodal Lips- 
chitz continuous function that is C’ in a neighborhood of c E [a, bl. 
Suppose uI # u2 and P is a kneading sequence other than L”, C, R”, or 
RL”. Suppose further that K(u, f) < P + K(uZ f ). Then there exists u E 
(uI, u2) so that K(pf > = P. 
Note. The binary relation + is a total order on the set of kneading 
sequences 11, 31. 
THEOREM B (Existence theorem). Let f be a concave function and 
satisfy the hypotheses of Theorem A. Then for each kneading sequence P, 
there is a value of u such that K(pf) = P. 
3. PIECEWISE LINEAR MAPS OF ZDUNIK TYPE 
This paper has its origins in a paper of Zdunik [12]. In [12], Zdunik is 
interested in one-parameter families of maps {pf}, where f E & and 
where & is the collection of concave, symmetric, unimodal maps with 
c = 3 as the unique turning point. The central question is the following: is 
the topological entropy, h&f >, a non-decreasing function of p? 
To answer this question, Zdunik describes a construction of that portion 
of a piecewise linear map f supported by the closed interval [f ‘(i>, f<$>l. 
Certain parameters are introduced for slopes of the linear pieces of this 
portion of the map and constraints are introduced among these parame- 
ters. One is additionally directed to choose these parameters such that 
Of’< f(i)> will have certain properties. Such an f is never explicitly 
constructed. Its construction requires the introduction of at least two new 
parameters and additional relations among them. Proceeding on the 
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FIGURE 1 
assumption that such an f exists, Zdunik proves the following: for E > 0 
and sufficiently small, h((l + ~)f) < h(f). 
The intriguing aspect of [12] from the point of view of this paper is that 
in demonstrating the above inequality, the following is established: 
K((l + 4f) + K(f). 
If f were C’ in some neighborhood of x = t, this would be a counterex- 
ample to the C’ concave conjecture by Theorems A and B. Zdunik 
remarks that one can smooth f to yield an F such that F has the same 
properties as f; there are, however, no details given as to how this 
smoothing process might be carried out. As it turns out, constructing F 
from f is not trivial. 
In this section we explicitly construct an uncountable collection of 
Zdunik type maps. In the next section a general procedure is given for 
smoothing any one of these. In the final section, such a smoothed map is 
used to obtain our main result. 
Figure 1 illustrates the type of map Zdunik had in mind. One can see a 
piecewise linear, concave, symmetric, unimodal map f: I + I such that 
K(f) = RLR”. 
The interesting thing in this picture is the existence of a circulation box 
indicating a two-cycle on the right of x = i that, of course, is not reflected 
in the kneading sequence. This phenomenon motivates the following. 
DEFINITION 6. A unimodal map f is said to split K(f) iff K(f) is 
neither periodic nor eventually periodic of eventual period > 1, and there 
exists at least two distinct subsequential limits of O,‘(f(c)). (The splitting 
is said to be n-fold precisely when there exist 12 distinct subsequential 
limits of Of+(c)).) 
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Note. This means that K(f) is either aperiodic or else it is eventually 
fixed. 
We now define a collection of Zdunik type maps (as shown in Fig. l), 
that is, piecewise linear, concave, symmetric, unimodal maps of the inter- 
val, each with kneading sequence RLR” and each of which induces a 
twofold splitting of its kneading sequence. 
DEFINITION 7. Let m and pi, 1 I i I 4, be any real numbers that 
satisfy the relations 
0 > P, > -1 > P2 > P3 > P4, P1P3 = 27 PIP2 < 17 (1) 
l+$<m<l+ 
PlC 
4 P,(PI - 1) - 1’ 
where c = i. Define a piecewise linear map f: I + Z as 
where 
(2) 
’ -/34x, 
Pdm - 1) - &(x - (1 - ml>, 
PJm - 1) + &(P - m) - 02(x - (1 -P)), 
m - P&x - cl, 
m + Pdx - cl, 
P4(m - 1) + &(P - m) + PAX -PI, 
P4(m - 1) + &(x - m), 
,Pdx - 117 
Osxrl-m 
1-mlxll-p 
l-psxll-u 
I-U<XlC 
ClXlU 
usxsp 
plxcm 
mlxll 
P = m - PlP4(m - 1) + Ps, 
u = P,( m - 1) + P3(P - m> - P2P + Plc - m 
PI - P2 
Remark. Using elementary geometric considerations and (1) and (2) 
above, it is not difficult to see that requiring that all line segments in f 
have nonzero length forces c < u < p < m < 1. 
THEOREM 1. The function f in Definition 7 ti a concave, symmetric, 
unimodal mapping of Z with a unique (repelling) fixed point q E (0,l). 
K(f) = RLR” and f induces a twofold splitting of K( f 1. Moreover, 
1 + $ = inf{m: K(f) =RZ,R”andfspfitsK(f)}, 
4 
l+ PlC 
P,(Pl - 1) - 1 
= sup{m: K(f) =ZUR”andfsplitsK(f)}. 
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Z’rooJ: To see that K(f) = RLR”, it is enough to show that 
and that 
f”(c) <c <f(P) <4 <P <f(c) < 1 
f’(P) = P =f3W. 
To show that f2(p> = p, observe that since pl& = 2 we can write 
m + PIP4(m - 1) - P1P3m - &c 
P,= 
1 - PJ33 
= m + P,(P4m - P4) + P1P3p - P1P3m - Ps 
= m + Plf2(c) + P1P3p - P1P3m - Plc 
= m + Pl(f2(c) + P3(p - 4 - c) 
= m + P,(fW - 4. 
In order to conclude that m + &(f(p) - c) = f2(p), we must show 
that c I f(p) s u. To this end, we first show that the nonzero fixed-point 
q < p. For suppose that p I q. Then since m > q, we must have that 
p I q < m. In this case, 
4 = P4(m - 1) + P3(4 - m> 
P,(m - 1) - P3m 
= 
l-P3 ’ 
but 
p = m - p,p,(m - 1) + &C I 4 = 
P,(m - 1) - b3m 
1 -I33 
so 
and 
m - PIP4m + PIP4 + &c - P3m + Pd33P4m 
- P1P3P4 - P1P3c 5 P4m - P4 - P3m 
m - &P4m + PIP4 + &c + 2P4m - 2P4 - 1 5 P4m - P47 
since &p3 = 2. 
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Then 
or 
m(p,(& - 1) - 1) 2 P,(Pl - 1) - 1 + PlC 
m21+ 
PlC 
P,(Pl - 1) - 1’ 
since /3,( & - 1) - 1 > 0 
which is a contradiction. Consequently, 4 < p. 
It follows immediately that f(p) < 4, since 
as f is orientation reversing for x > c. 
Now if we suppose that u I f(p), then, since the straight line f,(x) = m 
+ &(x - c) lies above the straight line 
f,(x) = P4(m - 1) + P,(P - m> + P2(x -PI 
for all x > U, it follows that 
m +PdfW -4 W&C m - 1) + P3(P - m> + &(f(p) -17); 
that is, 
m + PdfW - c> = P hf(p) + &f(P) -&IA 
or ~(1 + &> 2 f(pX1 + &). But since & < - 1, 1 + & < 0. Therefore, 
p I f(p), a contradiction. Hence, f(p) < u. 
Now f 2(c> < c, since 
P4 + c 
f(c) = m > P and f’(c) = &f(c) - P4, 4 
P4 + c 
f”(c) < P4 ~ [ 1 P4 - P4 = c, 
and since f(p) = 1 - f 2(c), while f(p) < U, it follows that 
f2(C) > 1 - U and, hence, 1 - U <f’(c) < c. 
Therefore, 
p = m - p,p,(m - 1) + pie = m - p,(P,(m - I) - c) =f’(c). 
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f(P) ” P 
FIGURE 2 
Now since && = 2, 
f(p) = /3,(m - 1) + &(p - m) = 1 - &(m - 1) = 1 -f’(c) > c. 
Consequently, c <f(p) < u, and we may conclude that 
P=m+P,(f(P) -4 =f2(p). 
We have shown to this point that 
f’(P) =P =f3(c) and f*(C) <c <f(P) <cl <P <f(c) < 1. 
To see that the unique nonzero fixed point q E (0, 1) is repelling, 
i.e., that u < q <p, referring to Fig. 2, where slope(AB) = jI, and 
slope(BC) = p2, if B E A = the diagonal, then &p2 = 1, contrary to the 
hypothesis that PIP2 < 1. On the other hand, if B lies below A, then one 
can easily check that PIP2 > 1, again a contradiction. Consequently, B lies 
above A and hence A cuts the graph of f in the line with slope p2, at the 
point (4,4X 
Finally, to complete the proof, we need to show the claimed infimum 
and supremum properties: since 
m 5 1 + $ * P4(m - 1) =f*(c) 2 c, 
4 
we see that K(f) # RLR”. 
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On the other hand, if 
m=l+ 
PlC 
P,(P - 1) - 1’ 
then 
Therefore, by continuity, 
/?,(m - 1) + &(p -m) = u = q =p* 
But as u is the abscissa of the point of intersection of the lines 
II(x) = m + /3,(x - c) and 
12(x) = P,(m - 1) + PA P - m) + &(x - PL 
while p is the abscissa of the point of intersection of the lines I,(X) and 
I,(X) = /?Jrn - 1) + &(x - m), it follows that the line segment with 
slope &, whose support is [u, p] has length zero, i.e., for this value of m, 
f no longer exists. Furthermore, as m increases, f will continue not to 
exist: let zr, z3 be the points where l,(x), l,(x) cut the diagonal, respec- 
tively. Then as m increases, the segment of the line I,(n) = p4(x - l), 
between the points Cm, P&m - 1)) and (1, O), must become shorter. 
Therefore, z, > z3 as m increases. Consequently, 
1+ 
PlC 
A(& - 1) - 1 
= sup{m: K(f) = RLR” and f splits K(f)}. 
THEOREM 2. There is an q > 0 such that VE E (0, v)3k 2 1 such that 
f (;y;2'(c) I c. 
Remark. It will follow that K((l + &If) 4 K(f). The proof here fol- 
lows the lines of that offered in [12], though presented in considerably 
more detail. 
Proof. Using continuity, choose 17 > 0 so that for all E E (0,~) both 
(1 + E)~(P) and f$+e, (c) are near f(p), and p - (1 + E)f(p) > 0. 
Since f is strictly decreasing on (c, q), f’ is strictly increasing on (c, q> 
-of course, the same thing is true of (1 + E)f and f(:+,, on (c, q’), where 
q’ is the fixed-point of (1 + Elf (note that q’ > q). Therefore, our goal is 
to show that 
f,:+.,w <x vx E (c,q’). 
In particular, fc:+Ej has no fixed-point in (c, q) (see Fig. 3). 
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First we show that f(:+,,(q) < q: 
l$+,,(d - 4 =f(:+&d + (1 + Mq) - (1 + Elf(q) - 4 
= (1 + 4f[(l + 4f(4)1 - (1 + Mq) + Eq 
= (1 + 4[P,(m - 1) + P,(P - ml + P*((l + Eb2 -P)] 
-(l + E)[&(m - 1) + @3(J) - m> + P2(4 -P)l + &cl 
= &q(l + (1 + &)&). 
Now, since & < - 1, 
Eq(l + (1 + E)&) < 0. 
Therefore, 
f,7+,,<4) - 4 < 0. 
Next, observe that $+,, p ( > > p: for E E (0,77), (1 + E)~(P) is near 
f(p). Hence 
P = m - P,P,(m - 1) + Ps. 
This implies that 
p = m + p,p,(m - 1) + 2p - 2m - pIc 
= m + P,[ P,(m - 1) + P,(P - 41 - Plcy 
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since pr& = 2. Therefore, 
m + (1 + ~)&f(p) - PIc -P = &f(P) 
= m + I%((1 + &)f(P) - c) -P 
=f((l + MP)) -P, 
and so 
(1 + 4fKl + W(P)1 - (1 + E)P = (1 + ~MWP) 
or 
ft:+,,(P) -P = E(P + (1 + mf(P))~ 
But since pr > - 1, 
(1 + &)f(P)PI > -Cl + E)f(P) 
or 
P + (1 + &)f(P)P, > P - (1 + E)f(P) > 0 for all E E (0, 7). 
Therefore, fc:+,,(p) > p. 
Now let 1 be such that t > c and (1 + .a)f(t) = p. Then 
f(:+,,w = (1 + E)f(P) < t, 
for if not, (1 + ~)f(p) 2 I; hence 
a contradiction. 
Now, as the two points of discontinuity of the derivative of f(:+,, 
between c and 4’ occur at t and U, as one can easily check using the chain 
rule, and as t < u, while 
f(:+&d -f,:+&> = (1 + 4P2Kl + 4(q - f<u>>l ’ 07 
it follows that f(:+,, (u) < u, since u is in the same straight line with q, q’, 
and hence 
vx E (c,4), fi:+,,w < XT 
and we have already observed that f(f+,, is strictly increasing on (c, 4). 
Consequently, if x E (c, 41, all iterates of fg+E)(~) cannot be > c for if 
so, then fCT+E) would have a fixed point in (c, q), which we have just shown 
cannot happen. 
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Therefore, 
then 
But 
VX E (c,q),3k 2 lsuchthatif E E (O,n), 
f&w 5 c- 
f$+&> E (c,q) so that f/ftz4)( c) = fztA2)( c) s c. 
Remark. That we may take k = 1 is shown by the choice of parameters 
p1 = -0.4 
p2 = -1.25, m = 0.906 
P3 = -5, & = 0.01 
p4 = -5.25. 
4. A SMOOTHING PROCESS 
With the construction of f and the two previous theorems in hand, we 
now proceed to alter f so that the resulting alteration, a map we will call 
g, will be a C’ unimodal map having the following properties: (1) K(g) = 
RLR”, and (2) there exists E > 0 such that K((1 + E)g) begins RLR3L. 
The map g is then a counterexample to the conjecture of Beyer et al. [l]. 
This map g serves two purposes: (1) g is an explicit construction and as 
such yields itself to computer experimentation, and (2) g will provide a 
basis for proving our main result. 
The idea is this (Fig. 4): given any realization of the map f, pick a 
distance da, measured from the vertex over c (= i) along the straight line 
%XJRE 4 
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FIGURE 5 
with slope --PI. One then makes a circle tangent to the two lines with 
slopes -&, j3r at a distance d, from the vertex over c. 
This procedure rounds the top and drops the maximum of f by an 
amount 7, Next, extend the line through (p, f(p)> (with slope &) until it 
meets the line through (1, 01, (f(c) - 77, f’(c)>. This point of intersection 
will be the new vertex (x,,, y,). One then rounds the remaining vertices in 
a fashion similar to the first step, choosing distances d,, d,, appropriate to 
the choices of m, pi, 1 I i I 4. One then obtains a C’ map g such that 
K(g) = RLR” (Fig. 5). 
After performing the necessary geometry, one obtains 
g(x) = 
/ 
-C-XX, 
k, + dr; - (x - (1 - &))‘I 
f(P) -/32(x - (1 -m 
k, + &; - (x - (1 - h,))‘, 
P -I+ - (1 -f(P))), 
(k,,+dm, 
P +/4(x -f(P)), 
k, + 4-7 
f(P) + P,(x -P>, 
k, + 4-7 
\+ - l>Y 
OlX_<l-u, 
l-u,_(x_<l-x2 
l-X,IX<l-U, 
l-U,<XIl-x, 
l-X,5XIX, 
x0 I x 5 uo (3) 
uo I x I x1 
x1 5 x 5241 
I.41 _<x IX, 
x2 I x 5 u2 
U,iXll 
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where 
0 
Xo=C- 
d& f 
7 y,=m+ lo 
F 1 +P: 
u,=c+ 4&, vo=m+ $$ 
x0 + uo 
ho = - k, = Yo - 
(x0 - ho) 
2 ’ PI 
(u. - ho)* + (v. - k,)* 
T = m - (r. + k,), 
f(P) - P2P + a 
x1 = 
a-P* ’ 
x1=u- &; 
u,=u+ 
1 
g?- : 
7 
h 
1 
= (Yl - VI) + Xl/PI - %/I32 
l/PI - l/P* 
k =v (4 --%I 
1 1- 
P2 ’ 
and 
x2=x7- $-qy 
f(m) 
a= 
m-q-1 
y1 = f(u) - P1dl 
JW 
VI =f(u) + * l 
F- 1 + P,” 
rl = d( u, - h,)* + ( u1 - k,)* 
Y2 = Yq - 4% 
*2 = Y, + 4% 
h (h2 - x2) 
2 
= (Y2 - v2) + x2/P2 - u2/a 
l/P* - l/a ’ 
k, = Y, - 
P2 
(u2 - h,)* + ( v2 - k,)* . 
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Remark. If we scale g by multiplying by p/g(c) (0 2 p I 1) and 
relabel the scaled family {,ug: 0 I p < l}, then, by construction, there 
exists pL, such that K(p,g) = RLR”. Moreover, there is a g and an E > 0 
such that K((pu, + E)g) begins RLR3L. 
This last statement is verified, for example, by choosing for g, E, and pL,, 
the values 
p1 = -0.4, pm = 0.906 
p* = -1.25, & = 0.01 
P3 = -5, d, = 0.00001 (4) 
p4 = -5.25, d, = 0.0001 
m = 0.906, d, = 0.0001. 
Finally, note that in obtaining g from f via the Cl-smoothing process just 
described, one clearly cannot pick the di arbitrarily. It is, nevertheless, 
possible to determine precise bounds on the dj in terms of the choices of 
m and the pi, that will ensure that g be related to f in the proper way. 
5. THE POLYNOMIAL MAP 
THEOREM 3. There is a unimodal polynomial map, p, of [0, l] onto 
itself, that is concave, symmetric about the point x = i and such that, when 
parameterized in the standard way, (pp), 0 I p _< 1, there exist three 
distinct values of the parameter p,, < ~1, < p2 for which 
RLR3C = K(/+,p) # K(,u,p) Z K(/+p) = RLR3C. 
Proof Take g to be the (unscaled) C’ map given in (3) with parameter 
values (m, pi, di) given in (4). Iterate g k times (where k is some positive 
integer) and define 77 = min, I jr k (gj(c) - cl. Let C(X, X) denote the 
space of all continuous functions of the compact set X into itself. If 
C(X, X)” denotes the n-fold Cartesian product of the metric space 
C(X, X), where C(X, X) has the sup-norm metric, let T be the operator 
T: C(X, X)” + C(X, X1 defined by (fl, f2,. . . , f,> * fi 0 f2 0 *. - 0 f,. 
Let X = I. Then since T is uniformly continuous there exists a,.,, N such 
that II&g - gll < 8, * IKB,g)j - gilI < 77, for 1 pi I k (where B,g is 
the Nth Bernstein polynomial approximate to g>. Recall [7, p. 231 that 
B,g is concave since g is and note that the following shows that B,g is 
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symmetric since g is. By definition, for n 2 0, 
kg(x) = p~o(;)~(~)xp(l -.q-p 
and 
B&(1 -x) = $)g( F)(l - X)PX”-P* 
Let j = IZ - p and note that g(x) = g(1 - X) implies that g((n - j)/,) = 
g( j/n). Consequently, 
B”g(l -X) = ~ (“ni)p(~)X’(l -X)“-’ 
j=n 
= i. (:ip( $(l - xy-j 
=&g(x). 
Hence, so long as 77 > 0, the first k terms of the kneading sequences 
K(B,g) and K(g) must agree. We now define 
P = Bivg. 
Now scale g and p in the standard way, calling the resulting one-param- 
eter families {bgj and (pp}, respectively. Since there exists pr such that 
K&g) = RLR”, denoting by K(p,), the first k terms of the kneading 
sequence of pp, we see that K(k,pJk = RLRRR . . . R. 
Suppose that we have chosen k 2 6. Then since VP, pp satisfies the 
hypotheses of Theorems A and B, and since RC -c RLR3C * RLRkm2. . . , 
there exists cl0 < p1 such that K(p,,p) = RLR3C. 
Again, since there exists v > pr, such that K(vg) = RLR3L.. . , and since 
RLR3L... < RLR3C < RL”, by Theorem A, there is a p2 > v such that 
K(~~pj = RLR3C. 
Remark. One question that comes immediately to mind is the follow- 
ing: is the Schwa&an operator, applied to the polynomial p, everywhere 
negative? By generalizing slightly a theorem of Nusse and Yorke [ll], one 
can show that the answer is no. 
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